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ON THE BOUNDARY BEHAVIOR OF THE CURVATURE OF
L2-METRICS
KEN-ICHI YOSHIKAWA
Abstract. For one-parameter degenerations of compact Ka¨hler manifolds, we
determine the asymptotic behavior of the first Chern form of the direct image of
a Nakano semi-positive vector bundle twisted by the relative canonical bundle,
when the direct image is equipped with the L2-metric.
1. Introduction
Let X be a connected Ka¨hler manifold of dimension n+1 with Ka¨hler metric hX
and let S = {s ∈ C; |s| < 1} be the unit disc. Set So := S \ {0}. Let π : X → S be
a proper surjective holomorphic map with connected fibers. Let Σπ be the critical
locus of π. We assume that π(Σπ) = {0}. We set Xs = π−1(s) for s ∈ S. Then
Xs is non-singular for s ∈ So. Let ωX = Ωn+1X be the canonical bundle of X and
let ωX/S = Ω
n+1
X ⊗ (π∗Ω1S)−1 be the relative canonical bundle of π : X → S. The
Ka¨hler metric hX induces a Hermitian metric hX/S on TX/S = kerπ∗|X\Σpi , and
hX/S induces a Hermitian metric hωX/S on ωX/S .
Let ξ → X be a holomorphic vector bundle on X equipped with a Hermitian
metric hξ. We write ωX/S(ξ) = ωX/S ⊗ ξ. In this note, we assume that (ξ, hξ)
is a Nakano semi-positive vector bundle on X . Namely, if Rξ denotes the curva-
ture form of (ξ, hξ) with respect to the holomorphic Hermitian connection, then
the Hermitian form hξ(
√−1Rξ(·), ·) on the holomorphic vector bundle TX ⊗ ξ is
semi-positive. Since dimS = 1 and since (ξ, hξ) is Nakano semi-positive, all di-
rect image sheaves Rqπ∗ωX/S(ξ) are locally free by [12]. By the fiberwise Hodge
theory, Rqπ∗ωX/S(ξ) is equipped with the L
2-metric hL2 with respect to hX/S
and hωX/S ⊗ hξ. By Berndtsson [2] and Mourougane-Takayama [7], the holomor-
phic Hermitian vector bundle (Rqπ∗ωX/S(ξ), hL2) is again Nakano semi-positive
on So. By Mourougane-Takayama [8], hL2 induces a singular Hermitian metric
with semi-positive curvature current on the tautological quotient bundle over the
projective-space bundle P(Rqπ∗ωX/S(ξ)). (We remark that there is no restrictions
of the dimension of the base space S in the works [2], [7], [8].)
After these results, one of the natural problems to be considered is the quanti-
tative estimates for the singularities of the L2-metric and its curvature. In [14], we
gave a formula for the singularity of the L2-metric on Rqπ∗ωX/S(ξ) (cf. Sect. 2). As
a consequence, if σq is a nowhere vanishing holomorphic section of detR
qπ∗ωX/S(ξ),
then there exist a rational number aq ∈ Q, an integer ℓq ≥ 0 and a real number cq
such that (cf. [14, Th. 6.8])
log ‖σq(s)‖2L2 = aq log |s|2 + ℓq log(− log |s|2) + cq +O(1/ log |s|) (s→ 0).
The author is partially supported by the Grants-in-Aid for Scientific Research (B) 19340016,
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In this note, we study the boundary behavior of the curvature of the holomorphic
Hermitian vector bundle (Rqπ∗ωX/S(ξ), hL2) as an application of the description
of the singularity of the L2-metric hL2 given in [14]. In this sense, this note is a
supplement to the article [14].
Let us state our results. Let R(s) ds∧ ds¯ be the curvature form of Rqπ∗ωX/S(ξ)
with respect to the holomorphic Hermitian connection associated to hL2 . By the
Nakano semi-positivity [2], [7],
√−1R(s) is a semi-positive Hermitian endomor-
phism on the Hermitian bundle (Rqπ∗ωX/S(ξ), hL2) on S
o.
Theorem 1.1. The curvature form R(s) ds ∧ ds¯ has Poincare´ growth near 0 ∈
S. Namely, there exists a constant C > 0 such that the following inequality of
Hermitian endomorphisms holds for all s ∈ So
0 ≤ √−1R(s) ≤ C|s|2(log |s|)2 IdRqπ∗ωX/S(ξ).
Moreover, the Chern form c1(R
qπ∗ωX/S(ξ), hL2) has the following asymptotic be-
havior as s→ 0:
c1(R
qπ∗ωX/S(ξ), hL2) =
{
ℓq
|s|2(log |s|)2 +O
(
1
|s|2(log |s|)3
)}√−1 ds ∧ ds¯.
Considering the trivial example X = M × S, ξ = OX , π = pr2, where M is a
compact Ka¨hler manifold, we can not expect any lower bound of
√−1R(s) (resp.
c1(R
qπ∗ωX/S(ξ), hL2)) by a non-zero semi-positive Hermitian endomorphism (resp.
real (1, 1)-form). We remark that, when X0 is reduced and has only canonical
singularities, then we get a better estimate (cf. Sect. 5).
As an application of Theorem 1.1, we get an estimate for the complex Hessian
of analytic torsion. Set Xs := π
−1(s) and ξs := ξ|Xs for s ∈ S. Let ωXs be the
canonical line bundle of Xs and let hωXs be the Hermitian metric on ωXs induced
from hX . For s ∈ So, let τ(Xs, ωXs(ξs)) be the analytic torsion [10], [3] of the
holomorphic Hermitian vector bundle (ξs ⊗ ωXs , hξ|Xs ⊗ hωXs ) on the compact
Ka¨hler manifold (Xs, hX |Xs). Let log τ(X/S, ωX/S(ξ)) be the function defined as
log τ(X/S, ωX/S(ξ))(s) := log τ(Xs, ωXs(ξs)), s ∈ So.
By Bismut-Gillet-Soule´ [3], log τ(X/S, ωX/S(ξ)) is a C
∞ function on So. Moreover,
under certain algebraicity assumption of the family π : X → S and the vector
bundle ξ, there exist by [14] constants α ∈ Q, β ∈ Z, γ ∈ R such that
log τ(X/S, ωX/S(ξ))(s) = α log |s|2− (
∑
q≥0
(−1)qℓq) log(− log |s|2)+γ+O(1/ log |s|)
as s→ 0. By this asymptotic expansion, it is reasonable to expect that the complex
Hessian of analytic torsion has a similar behavior to the Poincare´ metric on So.
Theorem 1.2. The complex Hessian ∂ss¯ log τ(X/S, ωX/S(ξ)) has the following as-
ymptotic behavior as s→ 0:
∂ss¯ log τ(X/S, ωX/S(ξ)) =
∑
q≥0(−1)qℓq
|s|2(log |s|)2 +O
(
1
|s|2(log |s|)3
)
.
This note is organized as follows. In Sect. 2, we recall the structure of the sin-
gularity of the L2-metric hL2 on R
qπ∗ωX/S(ξ). In Sect. 3, we prove some technical
lemmas used in the proof of Theorem 1.1. In Sect. 4, we prove Theorems 1.1 and
1.2. In Sect. 5, we study the case where X0 has only canonical singularities.
Throughout this note, we keep the notation and the assumptions in Sect. 1.
32. The singularity of the L2-metric
2.1. The structure of the singularity of the L2-metric. Let κX be the Ka¨hler
form of hX . In the rest of this note, we assume that (ξ, hξ) is Nakano semi-positive
on X and that (S, 0) ∼= (∆, 0). By [12, Th. 6.5 (i)], Rqπ∗ωX/S(ξ) is locally free on
S. By shrinking S if necessary, we may also assume that Rqπ∗ωX/S(ξ) is a free
OS-module on S. Let ρq ∈ Z≥0 be the rank of Rqπ∗Ωn+1X (ξ) as a free OS-module
on S. Let {ψ1, . . . , ψρq} ⊂ H0(S,Rqπ∗ωX/S(ξ)) be a free basis of the locally free
sheaf Rqπ∗ωX/S(ξ) on S.
Let T be another unit disc. By the semistable reduction theorem [9, Chap II],
there exists a positive integer ν > 0 such that the family X×S T → T induced from
π : X → S by the map µ : T → S, µ(t) = tν , admits a semistable model. Namely,
there is a resolution r : Y → X ×S T such that the family f := pr2 ◦ r : Y → T is
semistable, i.e., Y0 := f
−1(0) is a reduced normal crossing divisor of Y . We fix such
an integer ν > 0. Let Herm(r) be the set of r × r-Hermitian matrices.
Theorem 2.1. By choosing a basis {ψ1, . . . , ψρq} of Rqπ∗ωX/S(ξ) as a free OS-
module appropriately, the ρq × ρq-Hermitian matrix
G(s) := (hL2(ψα|Xs , ψβ |Xs))
has the following expression
G(tν) = D(t) ·H(t) ·D(t), D(t) = diag(t−e1 , . . . , t−eρq ).
Here e1, . . . , eρq ≥ 0 are integers and the Hermitian matrix H(t) has the following
structure: There exist Am(t) ∈ C∞(T,Herm(ρq)), 0 ≤ m ≤ n, with
H(t) =
n∑
m=0
Am(t) (log |t|2)m.
Moreover, by defining the real-valued functions am(t) ∈ C∞(T ), 0 ≤ m ≤ nρq as
detH(t) =
nρq∑
m=0
am(t) (log |t|2)m,
one has am(0) 6= 0 for some 0 ≤ m ≤ nρq.
Proof. See [14, Th. 6.8 and Lemmas 6.3 and 6.4]. 
Remark 2.2. The meaning of the Hermitian matrix H(t) and the diagonal matrix
D(t) is explained as follows. Let F : Y → X be the map defined as the composition
of r : Y → X ×S T and pr1 : X ×S T → X . Then hY := r∗(hX + dt ⊗ dt¯) is a
Ka¨hler metric on Y \ Y0. There is a basis {θ1, . . . , θρq} of Rqf∗ωY/Y (F ∗ξ) such
that H(t) = (Hαβ¯(t)), Hαβ¯(t) = (µ
∗hL2)(θα, θβ), where µ
∗hL2 is the L
2-metric on
Rqf∗ωY/T (F
∗ξ) with respect to hY and F
∗hξ. By [8, Lemma 3.3], R
qf∗ωY/T (F
∗ξ)
is regarded as a subsheaf of µ∗Rqf∗ωX/S(ξ). Then the relation between the two ba-
sis {θ1, . . . , θρq} and {µ∗ψ1, . . . , µ∗ψρq} is given by D(t), i.e., θα = teαµ∗ψα. More-
over, by [8, Lemma 4.2], µ∗hL2 |T o is indeed the pull-back of the L2-metric hL2 |So
via µ, where T o := T \ {0}, which implies the relation G(µ(t)) = D(t)H(t)D(t).
The proof of Theorem 2.1 heavily relies on a theorem of Barlet [1, Th. 4 bis.].
This is the major reason why we need the assumption dimS = 1.
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2.2. A Hodge theoretic proof of Theorem 2.1 for a trivial line bundle.
Assume that (ξ, hξ) is a trivial Hermitian line bundle on X , that π : X → S is a
family of polarized projective manifolds with unipotent monodromy and that the
Ka¨hler class of hX is the first Chern class of an ample line bundle onX . We see that
the expansion in Theorem 2.1 follows from the nilpotent orbit theorem of Schmid
[11] in this case.
Let κX be the Ka¨hler class of hX . By assumption, there is a very ample line
bundle L on X with [κX ] = c1(L)/N . Replacing κX by NκX if necessary, we
may assume that L is very ample. Let H1, . . . , Hn ∈ |L| be sufficiently generic
hyperplane sections such that the following hold for all 0 ≤ k ≤ n after shrinking
S if necessary:
(i) X ∩H1 ∩ · · · ∩Hk is a complex manifold of dimension n− k + 1.
(ii) The restriction of π to X ∩ H1 ∩ · · · ∩ Hk is a flat holomorphic map from
X ∩H1 ∩ · · · ∩Hk to S.
(iii) Xs ∩H1 ∩ · · · ∩Hk is a projective manifold of dimension n− k for s ∈ So.
We set X
(k)
s := (π(k))−1(s) = Xs ∩H1 ∩ · · · ∩Hk for s ∈ S.
Let {ψ1, . . . , ψρq} ⊂ H0(S,Rqπ∗ωX/S) be a free basis of the locally free sheaf
Rqπ∗ωX/S on S. There exists Ψ1, . . . ,Ψρq ∈ H0(X,Ωn+1−qX ) by [12, Th. 5.2] (after
schrinking S if necessary) such that
ψα = [(Ψα ∧ κqX)⊗ (π∗ds)−1], π∗ds ∧Ψα = 0.
By the condition π∗ds∧Ψα = 0, there exist relative holomorphic differentials ψ′α ∈
H0(X \ Σπ,Ωn−qX/S) such that Ψα = ψ′α ∧ π∗ds. Then the harmonic representative
of the cohomology class ψ|Xs is given by ψ′α ∧ κX |Xs . Since κX = c1(L), we get
hL2(ψα, ψβ)(s) = i
(n−q)2
∫
Xs
ψ′α ∧ ψ′β ∧ κqX |Xs = i(n−q)
2
∫
X
(q)
s
ψ′α ∧ ψ′β |X(q)s .
Hence Theorem 2.1 is reduced to the case q = 0. In the case q = 0, Theorem 2.1 is
a consequence of Fujita’s estimate [4, 1.12] and the following:
Lemma 2.3. For ϕ, ψ ∈ H0(X,Ωn+1X ), there exist am(s) ∈ Cω(S), 0 ≤ m ≤ n
such that
π∗(ϕ ∧ ψ)(s) =
n∑
m=0
(log |s|2)mam(s) ds ∧ ds¯.
In particular, hL2(ϕ⊗ (π∗ds)−1|Xs , ψ⊗ (π∗ds)−1|Xs) = in
2∑n
m=0(log |s|2)mam(s).
Proof. Fix o ∈ So. Let γ ∈ GL(Hn(Xo,C)) be the monodromy. By assump-
tion, γ is unipotent. Set H := Rnπ∗C ⊗C OSo , which is equipped with the
Gauss-Manin connection. Let {v1, . . . , vm} be a basis of Hn(Xo,C). Since γ is
unipotent, there exists a nilpotent N ∈ End(Hn(Xo,C)) such that γ = exp(N).
Let p : S˜o ∋ z → exp(2πiz) ∈ So be the universal covering. Since H is flat, vk
extend to flat sections vk ∈ Γ(S˜o, p∗H), which induces an isomorphism p∗H ∼=
O
S˜o
⊗C Hn(Xo,C). Under this trivialization, we have vk(z + 1) = γ · vk(z). We
define sk(exp 2πiz) := exp (−z N) vk(z). Then s1, . . . , sm ∈ Γ(S˜o, p∗H) descend to
single-valued holomorphic frame fields ofH. The canonical extension ofH is the lo-
cally free sheaf on S defined asH := OS s1⊕· · ·⊕OS sm. Set Fn := π∗ΩnX/S |So ⊂ H.
By [11, p. 235], Fn extends to a subbundle F
n ⊂ H.
5There exists ϕ′, ψ′ ∈ H0(X \X0,ΩnX/S |X\X0) such that ϕ = π∗ds ∧ ϕ′ and ψ =
π∗ds∧ψ′ onX\X0. Then ϕ′ and ψ′ are identified with ϕ⊗(π∗ds)−1, ψ⊗(π∗ds)−1 ∈
H0(X,ωX/S), respectively. Since F
n ⊂ H, there exist bk(t), ck(t) ∈ O(So) such that
[ϕ′|Xs ] =
∑m
k=1 bk(s) sk(s) and [ψ
′|Xs ] =
∑m
k=1 ck(s) sk(s). Since π∗ωX/S = F
n
by
Kawamata [5, Lemma 1], we get bk(s), ck(s) ∈ O(S). Then
π∗(ϕ∧ψ)(s) = {
∫
Xs
ϕ′ ∧ψ′} ds∧ ds¯ = {
∫
Xs
m∑
j=1
bj(s)sj(s)∧
m∑
k=1
ck(s)sk(s)} ds∧ ds¯.
Substituting sk(s) = exp (−z N)vk(z) =
∑
0≤m≤n
(−z)m
m! N
mvk(z), we get
π∗(ϕ ∧ ψ)(s) = {
m∑
j,k=1
bj(s)ck(s)
∑
0≤a,b≤n
(−1)a+b
a!b!
zaz¯bCj,ka,b} ds ∧ ds¯,
where z = 12πi log s and C
j,k
a,b =
∫
Xo
(Navj) ∧ (N bvk). Since π∗(ϕ ∧ ψ) is single-
valued, so is the expression
∑
a+b=m
(−1)a+b
a!b! z
az¯bCj,ka,b . As a result, there exists a
constant Cj,km ∈ C such that
∑
a+b=m
(−1)a+b
a!b! z
az¯bCj,ka,b = C
j,k
m (log |s|2)m. Setting
am(s) :=
∑m
j,k=1 C
j,k
m bj(s)ck(s), we get the result. 
Remark 2.4. In the proof of Theorem 2.1, the role of the nilpotent orbit theorem is
played by Barlet’s theorem [1, Th. 4bis.] on the asymptotic expansion of fiber inte-
grals associated to the function f(z) = z0 · · · zn near the origin. See [14, Sects. 6.3
and 6.4] for more details.
3. Some technical lemmas
We denote by C∞R (T ) the set of real-valued C
∞ functions on T .
Lemma 3.1. Let ϕ(t) ∈ C∞R (T ) and let r ∈ Q and ℓ ∈ Z. Set h(t) := |t|2r(log |t|2)ℓϕ(t).
Then the following identities hold:
(1) ∂th(t) =
(
r
t +
ℓ
t(log |t|2) +
∂tϕ(t)
ϕ(t)
)
h(t),
(2) ∂tt¯h(t) =
(
− ℓ|t|2(log |t|2) + ∂tt¯ϕ(t)ϕ(t) − |∂tϕ(t)|
2
ϕ(t)2 +
∣∣∣ rt + ℓt(log |t|2) + ∂tϕ(t)ϕ(t) ∣∣∣2)h(t).
Proof. The proof is elementary and is left to the reader. 
Lemma 3.2. Let I be a finite set. For i ∈ I, let ri ∈ Q, ℓi ∈ Z and ϕi(t) ∈ C∞R (T ).
Set gi(t) := |t|2ri(log |t|2)ℓiϕi(t) for i ∈ I and g(t) :=
∑
i∈I gi(t).
(1) If g(t) > 0 on T o, then the following equalities of functions on T o hold:
∂t log g =
∑
i∈I
(
ri
t
+
ℓi
t(log |t|2) +
∂tϕi
ϕi
)
gi
g
,
∂tt¯ log g = −
1
2
∑
i,j
ℓi + ℓj
|t|2(log |t|2)2 ·
gigj
g2
+
1
2
∑
i,j
∣∣∣∣ri − rjt + ℓi − ℓjt(log |t|2)
∣∣∣∣2 · gigjg2
+
1
2
∑
i,j
(
∂tt¯ϕi
ϕi
+
∂tt¯ϕj
ϕj
)
gigj
g2
+
1
2
∑
i,j
ℜ
(
∂tϕi
ϕi
· ∂tϕj
ϕj
)
gigj
g2
+
∑
i<j
ℜ
{(
ri − rj
t
+
ℓi − ℓj
t(log |t|2)
)
·
(
∂tϕi
ϕi
− ∂tϕj
ϕj
)}
gigj
g2
.
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(2) If ri ≥ 0 and 0 ≤ ℓi ≤ N for all i ∈ I, then as t→ 0
∂tt¯ log g = −
1
2
∑
i,j
ℓi + ℓj
|t|2(log |t|2)2 ·
gigj
g2
+
1
2
∑
i,j
∣∣∣∣ri − rjt + ℓi − ℓjt(log |t|2)
∣∣∣∣2 · gigjg2
+O
(
(− log |t|)2N
|t|g(t)2
)
.
Proof. (1) The first equality of (1) follows from Lemma 3.1 (1). Since
∂tt¯g(t) =
∑
i∈I
(
− ℓi|t|2(log |t|2) +
∂tt¯ϕi
ϕi
− |∂tϕi|
2
ϕ2i
+
∣∣∣∣rit + ℓit(log |t|2) + ∂tϕiϕi
∣∣∣∣2
)
gi
by Lemma 3.1 (2), we get
g∂tt¯g =
∑
i,j∈I
gj
(
− ℓi|t|2(log |t|2) +
∂tt¯ϕi
ϕi
− |∂tϕi|
2
ϕ2i
+
∣∣∣∣rit + ℓit(log |t|2) + ∂tϕiϕi
∣∣∣∣2
)
gi
=
1
2
∑
i,j∈I
(
− ℓi + ℓj|t|2(log |t|2) +
∂tt¯ϕi
ϕi
+
∂tt¯ϕj
ϕj
− |∂tϕi|
2
ϕ2i
− |∂tϕj |
2
ϕ2j
+
∣∣∣∣rit + ℓit(log |t|2) + ∂tϕiϕi
∣∣∣∣2 + ∣∣∣∣rjt + ℓjt(log |t|2) + ∂tϕjϕj
∣∣∣∣2
)
gigj.
(3.1)
By the first equality of Lemma 3.2 (1), we get
|∂tg|2 =
∑
i,j∈I
(
ri
t
+
ℓi
t(log |t|2) +
∂tϕi
ϕi
)(
rj
t
+
ℓj
t(log |t|2) +
∂tϕj
ϕj
)
gigj
=
∑
i,j∈I
ℜ
(
ri
t
+
ℓi
t(log |t|2) +
∂tϕi
ϕi
)(
rj
t
+
ℓj
t(log |t|2) +
∂tϕj
ϕj
)
gigj .
(3.2)
By (3.1) and (3.2), we get
g∂tt¯g − |∂tg|2 =
1
2
∑
i,j∈I
(
− ℓi + ℓj|t|2(log |t|2) +
∂tt¯ϕi
ϕi
+
∂tt¯ϕj
ϕj
− |∂tϕi|
2
ϕ2i
− |∂tϕj |
2
ϕ2j
+
∣∣∣∣(rit + ℓit(log |t|2) + ∂tϕiϕi
)
−
(
rj
t
+
ℓj
t(log |t|2) +
∂tϕj
ϕj
)∣∣∣∣2
)
gigj .
(3.3)
Since ∂tt¯ log g = (g∂tt¯g − |∂tg|2)/g2, the second equality of Lemma 3.2 (1) follows
from (3.3). This proves (1).
(2) By the definition of gi(t), we get
(
∂tt¯ϕi
ϕi
+
∂tt¯ϕj
ϕj
)
gigj
g2
=
(ϕi∂tt¯ϕj + ϕj∂tt¯ϕi) · |t|2(ri+rj)(log |t|2)ℓi+ℓj
g2
,
(3.4)
7(
∂tϕi
ϕi
− ∂tϕj
ϕj
)
gigj
g2
=
(ϕj∂tϕi − ϕi∂tϕj) · |t|2(ri+rj)(log |t|2)ℓi+ℓj
g2
,
(3.5)
(
∂tϕi
ϕi
· ∂tϕj
ϕj
)
gigj
g2
=
(∂tϕi · ∂tϕj) · |t|2(ri+rj)(log |t|2)ℓi+ℓj
g2
.(3.6)
Since the functions ϕi∂tt¯ϕj + ϕj∂tt¯ϕi, ϕj∂tϕi − ϕi∂tϕj , ∂tϕi · ∂tϕj are bounded
near t = 0 and since |t|2(ri+rj)(− log |t|2)ℓi+ℓj ≤ (− log |t|2)2N by the definition of
N , we get (2) by the second equality of Lemma 3.2 (1) and (3.4), (3.5), (3.6). 
Lemma 3.3. Let ϕi ∈ C∞R (T ) for 0 ≤ i ≤ N and set g(t) =
∑N
i=0(log |t|2)iϕi(t).
Assume that g(t) > 0 on T o and that ϕi(0) 6= 0 for some 0 ≤ i ≤ N . Set
ℓ := max
0≤i≤N,ϕi(0) 6=0
{i} ∈ Z≥0.
Then there exists a constant C > 0 such that the following inequalities hold
|∂t log g(t)| ≤ C|t|(− log |t|) ,
∣∣∣∣∂tt¯ log g(t) + ℓ|t|2(− log |t|)2
∣∣∣∣ ≤ C|t|2(− log |t|)3 .
Proof. Set I = {0, 1, . . . , N} and gi(t) := (− log |t|)iϕi(t) for i ∈ I. Namely, we
set (ri, ℓi) = (0, i) in Lemma 3.2. Since g(t) = ϕℓ(0)(− log |t|)ℓ(1 +O(1/ log |t|)) as
t→ 0, we get for each 0 ≤ i ≤ N the following asymptotic behavior as t→ 0:
∣∣∣∣gi(t)g(t)
∣∣∣∣ =

O(|t|(− log |t|)i) (i > ℓ),
1 +O(|t|(log |t|)n) (i = ℓ),
O((− log |t|)−(ℓ−i)) (i < ℓ).
(3.7)
By the first equality of Lemma 3.2 (1) and (3.7), there are constants C,C′ > 0 such
that
|∂t log g(t)| ≤ C|t|(− log |t|)
N∑
i=0
∣∣∣∣gig
∣∣∣∣ ≤ C′|t|(− log |t|) .
This proves the first inequality. Since g(t) = ϕℓ(0)(− log |t|)ℓ(1 + O(1/ log |t|)),
there exists c > 0 such that g(t) ≥ c > 0 on T o. In particular O(1/g(t)) = O(1).
This, together with Lemma 3.2 (2), yields that
∂tt¯ log g = −
ℓ
|t|2(log |t|2)2 −
1
2
∑
(i,j) 6=(ℓ,ℓ)
i+ j
|t|2(log |t|2)2
(
gi
g
)(
gj
g
)
+
1
2
∑
i6=j
(i − j)2
|t|2(log |t|2)2
(
gi
g
)(
gj
g
)
+O
(
(− log |t|)2N
|t|
)
.
(3.8)
Since |gi(t)gj(t)/g(t)2| = O(1/ log |t|) when i 6= j by (3.7), the second and the
third term in the right hand side of (3.8) is bounded by |t|−2(− log |t|)−3 as t→ 0.
Similarly, it follows from (3.7) that the second term of the right hand side of (3.8)
is bounded by |t|−2(− log |t|)−3. The second inequality follows from (3.8). 
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4. The boundary behavior of the curvature of the L2-metric
In this section, we define N, ℓq ∈ Z≥0 as
N := nρq, ℓq := max
0≤i≤N, ai(0) 6=0
{i},
where ai(t) ∈ C∞(T ), 0 ≤ i ≤ N , are the functions in Theorem 2.1. Recall that
the integer ν > 0 was defined in Sect. 2.
4.1. The singularity of the first Chern form.
Theorem 4.1. The following formula holds as s→ 0:
c1(R
qπ∗ωX/S(ξ), hL2) =
{
ℓq
|s|2(log |s|)2 +O
(
1
|s|2(log |s|)3
)}√−1 ds ∧ ds¯
Proof. Recall that T is another unit disc and that the map µ : T → S is defined as
s = µ(t) = tν . By Theorem 2.1, we get
µ∗c1(R
qπ∗ωX/S(ξ), hL2) = −
√−1
2π
µ∗∂∂¯ log detG(s) = −
√−1
2π
∂∂¯ log detH(t)
= −
√−1
2π
∂∂¯ log[
N∑
m=0
am(t) (log |t|2)m].
We set g(t) = detH(t) =
∑N
i=0(log |t|2)iai(t) in Lemma 3.3. Since ai(0) 6= 0 for
some 0 ≤ i ≤ N by Theorem 2.1, we deduce from Lemma 3.3 that
µ∗c1(R
qπ∗ωX/S(ξ), hL2) = ℓq
√−1 dt ∧ dt¯
|t|2(− log |t|)2 +O
( √−1 dt ∧ dt¯
|t|2(− log |t|)3
)
.
(4.1)
Since µ∗{√−1ds ∧ ds¯/(|s|2(− log |s|)m} = ν2−m√−1dt ∧ dt¯/(|t|2(− log |t|)m), the
desired inequality follows from (4.1). 
Remark 4.2. The Hermitian metric µ∗ dethL2 on the line bundle detR
qf∗ωY/T (ξ)
is good in the sense of Mumford [9]. Namely, the following estimates hold:
(1) There exist constants C, ℓ > 0 such that
detH(t) ≤ C(− log |t|2)ℓ, (detH(t))−1 ≤ C(− log |t|2)ℓ.
(2) There exists a constant C > 0 such that
|∂t log detH(t)| ≤ C|t|(− log |t|) , |∂tt¯ log detH(t)| ≤
C
|t|2(− log |t|)2 .
The inequalities (1) follow from Theorem 2.1. By setting g(t) = detH(t) in
Lemma 3.3, we get (2) because detH(t) = g(t) =
∑N
i=0(log |t|2)iai(t), ai(t) ∈
C∞R (T ) with ai(0) 6= 0 for some 0 ≤ i ≤ N by Theorem 2.1.
We do not know if the L2-metric µ∗hL2 on R
qf∗ωY/T (F
∗ξ) is good in the sense
of Mumford, because the estimates
‖∂tH ·H−1‖ ≤ C|t|(− log |t|) , ‖∂t¯(∂tH ·H
−1)‖ ≤ C|t|2(− log |t|)2
do not necessarily follow from Theorem 2.1; from Theorem 2.1, we have only the
estimates ‖∂tH ·H−1‖ ≤ C(− log |t|)ℓ/|t| and ‖∂t¯(∂tH ·H−1)‖ ≤ C(− log |t|)ℓ/|t|2,
where ‖A‖ =∑i,j |aij | for a matrix A = (aij).
94.2. Proof of Theorem 1.1. Let λ1, . . . , λρq be the eigenvalues of the Hermitian
endomorphism
√−1R(s). By the Nakano semi-positivity of (Rqπ∗ωX/S(ξ), hL2),
we get λα ≥ 0 for all 1 ≤ α ≤ ρq. By Theorem 4.1, we have the following inequality
on So
0 ≤ √−1Tr[R(s)] =
∑
α
λα ≤ C|s|2(− log |s|)2 .
In particular, we get Λ := maxα{λα} ≤ C/(|s|2(− log |s|)2). We get the desired
inequality for
√−1R(s) from the inequality √−1R(s) ≤ Λ · IdRqπ∗ωX/S(ξ). The in-
equality for c1(R
qπ∗ωX/S(ξ), hL2) is already proved in Theorem 4.1. This completes
the proof. 
4.3. Proof of Theorem 1.2. By the curvature formula for Quillen metrics [3],
the following equation of currents on So holds
− ddc log τ(X/S, ωX/S) +
∑
q≥0
(−1)qc1(Rqπ∗ωX/S(ξ), hL2)
= [π∗{Td(TX/S, hX/S)ch(ωX/S(ξ))}](2),
(4.2)
where [A](p) denotes the component of degree p of a differential form A. By [13,
Lemma 9.2], there exists r ∈ Q>0 such that as s→ 0
[π∗{Td(TX/S, hX/S)ch(ωX/S(ξ))}](2)(s) = O
(√−1 |s|2r(− log |s|)nds ∧ ds¯
|s|2
)
.
(4.3)
By Theorem 1.1, we get
∑
q≥0
(−1)qc1(Rqπ∗ωX/S(ξ), hL2) =
∑
q≥0(−1)qℓq
2π
√−1 ds ∧ ds¯
|s|2(− log |s|)2 +O
( √−1 ds ∧ ds¯
|s|2(− log |s|)3
)
.
(4.4)
By (4.2), (4.3), (4.4), we get on So
√−1
2π
∂∂¯ log τ(X/S, ωX/S) =
∑
q≥0(−1)qℓq
2π
√−1 ds ∧ ds¯
|s|2(− log |s|)2 +O
( √−1 ds ∧ ds¯
|s|2(− log |s|)3
)
.
This completes the proof. 
5. Canonical singularities and the curvature of L2-metric
In this section, we assume that the central fiber X0 is reduced and irreducible
and has only canonical (equivalently rational) singularities. Then G(s) = (Gαβ¯(s))
is expected to have better regularity than usual. To see this, set
B(S) := C∞(S)⊕
⊕
r∈Q∩(0,1]
n⊕
k=0
|s|2r(log |s|)kC∞(S) ⊂ C0(S).
By [14, Th. 7.2], the L2-metric hL2 on R
qπ∗ωX/S(ξ) is a continuous Hermitian
metric lying in the class B(S). Namely, Gαβ¯(s) ∈ B(S) for all 1 ≤ α, β ≤ ρq.
Proposition 5.1. If X0 has only canonical singularities, then there exists r ∈ Q>0
and C > 0 such that the following inequality of real (1, 1)-forms on So holds
0 ≤ c1(Rqπ∗ωX/S(ξ), hL2) ≤ C
√−1 |s|2rds ∧ ds¯
|s|2(− log |s|)2 .
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In particular, the curvature iR(s) ds ∧ ds¯ satisfies the following estimate:
0 ≤ √−1R(s) ≤ C|s|
2r
|s|2(− log |s|)2 IdRqπ∗ωX/S(ξ).
Proof. Since Gαβ¯(s) is continuous on S, we may assume by an appropriate choice
of basis that Gαβ¯(0) = δαβ . Since detG(s) ∈ B(S), there exist a finite set I and
(ri, ℓi) ∈ Q>0 × Z≥0 for each i ∈ I such that
detG(s) = 1 +
∑
i∈I
|s|2ri(log |s|2)ℓi ϕi(s).
We set r0 = 0, ℓ0 = 0 and ϕ0(s) = 1. For i ∈ {0} ∪ I, we set gi(s) :=
|s|2ri(log |s|2)ℓi ϕi(s). By Lemma 3.2 (2) applied to detG(s), we get
− ∂ss¯ log detG(s)
=
1
2
∑
i,j∈I∪{0}
ℓi + ℓj
|s|2(log |s|2)2 ·
gigj
g2
− 1
2
∑
i,j∈I∪{0}
∣∣∣∣ri − rjs + ℓi − ℓjs(log |s|2)
∣∣∣∣2 gigjg2
+O
(
(− log |t|)2N
|t|
)
≤ C
∑
i,j∈I∪{0}
(ℓi + ℓj)|s|2(ri+rj)
|s|2(log |s|2)2 + C
∑
i,j∈I∪{0}
∣∣∣∣ri − rjs + ℓi − ℓjs(log |s|2)
∣∣∣∣2 |s|2(ri+rj)
+O
(
(− log |t|)2N
|t|
)
.
Set r := mini∈I{ri} > 0. Since ri+rj > r for all (i, j) ∈ (I∪{0})×(I∪{0})\{(0, 0)},
we get
−∂ss¯ log detG(s) ≤ C 2ℓ0|s|2(log |s|2)2 + C
∑
(i,j) 6=(0,0)
|s|2(ri+rj)
|s|2(log |s|2)2 ≤
C |s|2r
|s|2(log |s|2)2 .
because ℓ0 = 0. Since −∂ss¯ log detG(s) ≥ 0 by the Nakano semi-positivity of
(Rqπ∗ωX/S(ξ), hL2) by [2], [7], we get the first inequality. The proof of the second
inequality is the same as that of the corresponding inequality of Theorem 1.1. 
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